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Abstract. In this paper we deal with pseudo-Riemannian Osserman curvature tensors.
We define a concept of strong duality principle, and we prove that strong duality principle
holds for four-dimensional Osserman curvature tensor.

1. INTRODUCTION

Let us introduce the basic notation and terminology which are used throughout
this work. Let R be an algebraic curvature tensor on a vector space V equipped with
indefinite metric g of signature (v,n — v). The norm of X € Vis ex = ¢g(X, X) and
it determines various types of vectors. We say that X € V is timelike (if ex < 0),
spacelike (ex > 0), null (ex = 0), nonnull (ex # 0), or unit (ex € {—1,1}). The link
between R and curvature operator R is given by R(X,Y,Z, W) = g(R(X,Y)Z,W).
If (Ey, Es, ..., E,) is an orthonormal basis of V, we shall use short notation ¢; = ep,
and R = R(E;, Ej, By, E;) for 1 < 4,7,k,1 < n. For the initial definitions and
deeper explanations of this topic, the reader can consult Gilkey’s book [7].

The Polarized Jacobi operator J(X,Y) :V — V is given by
1
J(XY)(2) = {R(Z,X)Y +R(Z,Y)X}.

The Jacobi operator Jx : V — V is defined by Jx = J(X, X), which means that
Ix(Z) =R(Z,X)(X), for every Z € V. For nonnull X € V, Jx preserves nondegen-
erate hyperspace {X}+ ={Y € V: X 1 Y}, and we have reduced Jacobi operator
Jx {X}H = {X}, given by Jx = Jx|x-.



We say that R is Osserman curvature tensor if the characteristic polynomial of
Jx is constant on both unit pseudo-spheres, in particular on positive (ex = 1) and
negative (ex = —1) one. R is Jordan Osserman if the Jordan normal form of Jx
is constant on both unit pseudo-spheres. R is diagonalizable if the related Jacobi
operator is diagonalizable. We say that R is k-stein if there exist constants C; for
1 < j <k, such that equations Tr((Jx)’) = (ex)’C; hold for any X € V. Special
cases are Einstein (k = 1) and zwei-stein (k = 2), and it is well known that every
Osserman R is k-stein for every k.

In our previous work [3] we defined the duality principle on the following way.

Definition 1. Let R be an algebraic curvature tensor on vector space V. We say
that duality principle holds for R if for every A € R, and for all mutually orthogonal
units X,Y €V holds

jX<Y) :€X>\Y:>jy(X> = ey AX. (1)

Our natural aim is to prove duality principle for Osserman curvature tensor in
general or construction of eventual counterexamples. Unfortunately, this problem
is too hard, and we are able to give just results under some specific conditions.
The first restriction can be a low index v of the metric g. In the case of v = 0
(Riemannian settings) Raki¢ proved that duality principle holds [10]. In the case
of v = 1 (Lorentzian settings) R has constant sectional curvature [5] and duality
principle holds. The second restriction can be a small number of eigenvalues of
reduced Jacobi operator. In the case of diagonalizable R with two eigenvalues [2], the
present author recently gave some results. The last restriction can be a low dimension
n. The case of four-dimensional R is solved in our previous work [1, 3], but this proof
was complicated and based on the discussion of the possibly Jordan normal forms.
In this article we give the much easier proof. Moreover, in the four-dimensional case

we prove that strong duality principle holds.

2. PRELIMINARIES



The following theorem contains the well known equations for Einstein and zwei-

stein curvature tensor.

Theorem 1. For a zwei-stein curvature tensor R in any orthonormal basis hold

Z 51'5pRpiip = Clu (2)
1<p<n
Z epltpijp = 0, (3)
1<p<n
Z Epgq(Rpiiq)Q = (s, (4)
1<p,g<n
Z pEqRpiiqRpijq = 0, (5)
1<p,g<n
2 ) e RyiigRjjg — 268,02+ Y epeg(Ryijq + Rujig)” = 0, (6)
1<p,g<n 1<p,g<n

for every 1 < i #j <mn.

We left the theorem without a proof, but reader can consult [1] and [3] for the
details. Let us remark that equations (2) and (3) represent Einstein condition. Let

us finish the section with lemma from [2], which we need later.

Lemma 1. Every null N # 0 from a nondegenerate space V can be decomposed

as N =P+ Q, where P,QQ €V andep = —eg = 1.

Proof. A nondegenerate vector space } can be decomposed as a direct sum V =
VT @V~ of complementary orthogonal subspaces, where V* is a maximal spacelike
subspace and V'~ is a maximal timelike subspace. This is why we can decompose
N=S+T, withSeVt, T eV .S LT giveseg = —er > 0, and if we set

1 —1 -1 1
po (St gy BT ) oo (ST lg ST )
2eg 2eg 2es 2es

it is easy to check that P+ Q =S +7T = N, and ep = —eg = 1. U

3. STRONG DUALITY PRINCIPLE



In Definition 1 we can demand nonnull X and Y, because such X and Y can be
painlessly scaled to the units X/ \/@ and Y/ \/W with the same properties. Which
are the optimal conditions for vectors X and Y from the formula (1)7 For null X we
feel some problems, because assumption become Jx(Y) = 0, which is independent of
A, but A is relevant in the case of nonnull Y. Moreover, case ex = 0 fall already in
the dimension 4. For example, pseudo-Riemannian manifold (R%, g) with the metric
g = Toxzdr) ®dry — x104d29 Q@ d2o + dTy ® dXg + dXre ® dvy + drvy @ das + drs @ dry +
dre ® dry + dxy ® dzy is globally Jordan-Osserman [6]. For this manifold we have
j%(a%l) = 0 and ‘75%1(3%3) = —%aiu, and for X = 8%3 and Y = 8%1 formula (1)
does not work at any point. However, there is no visible reason for other restrictions,

which is good ground for the introduction of strong duality principle.

Definition 2. Let R be an algebraic curvature tensor on vector space V. We say
that strong duality principle holds for R if for every A € R, and for all X,Y €V with
ex # 0 holds Jx(Y) = exAY = Jy(X) = ey AX.

The rest of this section contains the results which follow the arguments from our

previous work [1, 3].

Lemma 2. If formula (1) holds for all mutually orthogonal X andY with ex # 0,
then it holds with only restriction ex # 0.

Proof. Let us suppose Jx(Y) = exAY for ex # 0 with g(X,Y’) # 0. The decompo-
sition Y = aX + Z with ¢(Z, X) = 0 gives a # 0. Image of Jx is orthogonal to X,

SO
0= g(Tx(aX + Z),X) = glexMaX + Z), X) = glexAaX, X) = eka),

and because of ex # 0 and o # 0, we have A = 0. From Jx(X) = 0 follows
Ix(Z)=TIx(aX+7Z) =exANaX+Z) =0, and because of g(X,Z) =0 and ex # 0,

the lemma assumption gives Jz(X) = 0. Thus arose
jy(X) = jaX—i—Z(X) = OéR(X, Z)X + R(X, Z)Z = —an(Z) + jz<X) = 0,

which proves Jy (X) =0 = ey A X. O



Theorem 2. If R is a diagonalizable algebraic curvature tensor, then duality

principle and strong duality principle are equivalent.

Proof. Let us suppose Jx(Y) = exAY, g(X,Y) =0, ex # 0, and ey = 0. Diago-
nalizable R implies nondegenerate eigensubspace ker(j~ v —exAld) 3 Y. The decom-
position Y = S + T from Lemma 1 with S,7T € ker(jX —exAld) and eg = —ep =1
gives g(S,T) = ¢(S,X) = g(T, X) = 0 with

jx(S) = EX)\S, jx(T) = €X)\T, Y = S+T

Since €597 = €5 + 0%c7 = (1 — 6?), for 62 # 1, vectors S + 0T, S and T are nonnull,
orthogonal on X, eigenvectors of operator Jx for eigenvalue ex\, and therefore if

duality principle holds we have
Ts4o7(X) = esrorAX, Ts(X) = esAX, Tr(X) = epAX.
After the substitution in the standard calculation
Tsror(X) = Ts(X) + 6> Tr(X) + 207 (S, T)X, (7)

we get egiorAX = esAX + 0%erAX + 207 (S, T)X. For 0 ¢ {—1,0,1} it gives
J(S,T)X =0 and (7) becomes Js1or(X) = Ts(X) + 6?Tr(X). Especially for § = 1
holds

jy(X) = jS+T(X) = jS(X) + jT(X) = 5S>\X + ET)\X =0= €y>\X,

which proves (1) for X L Y and ex # 0. Lemma 2 eliminates the condition X 1 Y,
which completes the proof. 0

Theorem 2 is very useful for the extension of duality principle. For example,
in Riemannian settings duality principle holds [10], and such curvature tensor is
diagonalizable, so by Theorem 2 strong duality principle holds. It is worth noting that
the condition of diagonalizability is pretty natural, because every Jordan Osserman

curvature tensor of non-balanced signature is necessarily diagonalizable [8].



4. FOUR-DIMENSIONAL OSSERMAN

Let R be four-dimensional zwei-stein curvature tensor. Theorem 1 gives useful
information. From (2) for 1 < i < 4 we have four equations
e1€2Ro112 + €163 R3113 + €164 Ra114 = C1,
€961 R1991 + €263 R3003 + €284 Ry004 = (1,
e3e1R1331 + €362 Ro332 + €364 Rag34 = C1,

€161 R1441 + €482 Rousn + €463 R3443 = C1,
and after solve the system of equations
€963 3203 = €164 R4114,

€964 Ry904 = €163 3113, (8)

€3€4Ry334 = €162 R2112.

From (3) for 1 <i # j < 4 we get six equations

Rogg = —€164R0113, Riaae = —€3684 R332,
Rosgsq = —e163R2114, Riaaz = —€264 1223, (9)
R3o94 = —€182R3114, Ri334 = —€283R1224.

From (5) for 1 <i <4 we have four equations

R§112 + R§113 + R421114 + 25253R§113 + 25254R§114 + 25354R§114 = (O,
R%221 + R§223 + Rz21224 + 25153R%223 + 25154R%224 + 25354R§224 = (s,
Riss) + Rissy + Rissy + 26162 Riss, + 26164 Ris34 + 26264 Rog5, = O,

R%441 + Rg442 + R§443 + 26152}%%442 + 26153R%443 + 25253R§443 = (s,
and after use (8) and (9) hold
525333113 + 525433114 + 5354R§114 = 5153R?223 + 5154R%224 + 5354R§114

2 2 2
= €169 Ry330 + €164 Rg9y + €264 R5 1y

2 2 2
= €162 33y + €163 R 593 + €263 5153



The solution of the previous system of equations is

2 2
£263R3113 = €184 1904,

R3,,, = 16312 (10)
€284 119114 = €1E3119993,

2 2
e384 R3114 = €162 RY335.

The derived equations are enough to prove duality principle.

Theorem 3. For four-dimensional zwei-stein curvature tensor duality principle

holds.

Proof. Let Jx(Y) = exAY holds for mutually orthogonal units X and Y from V. Let
us set F1 = X, Es =Y and extend them to an orthonormal basis (E, Es, E3, Ey) of
V. Initial Jg, (Ey) = e1AEy, gives Roj12 = €162, Roj13 = 0, and Ray14 = 0. By (10) it
gives Ry224 = 0 and Rj993 = 0. Finally jEQ(El) = g1 Rio1 Fri+esRiges B3 teqRigoa oy =
e AF, and duality principle holds. O

Moreover, under the same initial conditions strong duality principle holds. In
the Riemannian settings (signature (0,4) or (4,0)) we know that four-dimensional
zwei-stein is necessarily Osserman [4, 9]. For Riemannian Osserman manifold duality
principle holds [10], and (because Riemannian R is diagonalizable) by Theorem 2
strong duality principle holds. In the Lorentzian settings (signature (1,3) or (3,1)) R
is necessarily of constant sectional curvature [5], and it is easy to check that strong
duality principle holds. This is why we should check only the signature (2,2). Without
loss of generality we can set €1 = g9 = —e3 = —¢4.

If we apply (5) for i = 2,j = 3 and for i = 3,5 = 2, we get

Ri221R1231 — Ri224 R1234 — R3221 R3231 + 32243234

— Ryz91Ra931 + Rygo4Ry234 = 0,
Ry331Ri321 — Ri334 1324 + Razs1Rasza1r — Razzallasos

— Ry331 R4301 + Ry334 Ryz04 = 0,



and after some arrangement and use of (8) and (9)

Ro112R2113 — Ri224R1234 + Ri223 R332 + R311422114
— Ry224R1324 + R3113R2113 = 0,
Rs113R2113 — Ri224Ri324 — Riz3oRi203 — Ro114 3114

— Ri294R1234 + Ro112Ro113 = 0.
The sum and the difference of the previous equations are

R2112R2113 + R3113R2113 - R1224R1234 - R1224R1324 = 07 (1]-)
R1223R1332 + R2114R3114 = 0. (12)

From (6) for i = 2,5 = 3 we get

2(R1221 Ri331 — 2R1904 R1334 + RaopaRazss)

+ 2(R5110 + Riyg + Ry — 2R3 — 2R304 + 2R3,14) + (Rizs + Rizz)?
+ Riygy — Rigoy — (Rugsa + Rizoa)? + Ragpy — Rigos — Rigoy — Riggy — Rig
+ Riysq — (Ragst + Raszi)® — Riggo + Rizos + (Razsa + Rasar)® = 0,

which after use of (8), (9), and (10) becomes

2Ro112Rs113 — 4R3115 + 2Ra113Ro112
+2R3,15 + 2R3 + 2RY,1, — 4R5115 — AR% 1 + 4R35, + 4RS
+ R3114 — R — (R + Rugaa)” + Rayyy — Riyng — Riyng — Rayy — Riny
+ R§114 — (Raz2a + R1234)2 - R§114 + R§114 + 4Rgna = 0.
The easy calculation gives

ARo112 5113 + 2R3115 + 2R5115 — 2(Razsa + Rizaa)” = 0,

and finally
(Ra112 + 33113)2 = (R34 + 31324)2- (13)

Theorem 4. For four-dimensional zwei-stein curvature tensor strong duality

principle holds.



Proof. As we know that duality principle holds by Theorem 3, it is enough to prove
(1) for X LY with €% =1 and ey = 0 in the view of Lemma 2. Let us set E; = X,
and decompose Y = E,+ E3 by Lemma 1, with mutually orthogonal units Fy and Ej3,
which are orthogonal to X, such that ep, = ep, = —cp,. Let 4 be a vector which
extend them to an orthonormal basis (E4, Es, E3, Ey). Because of the signature (2, 2),
we have £ = g9 = —eg3 = —gy4, which enable use of the previous derived equations.

Our aim is to prove the formula
jEl (EQ + Eg) = 51)\(E2 + Eg) = jE'2+E3El = 0
The assumption is

eiN(Ez + E3) = T, (Ea + E3)
= €9(Ro112 + R3112) Ea + £3(R2113 + Rs113) Es + €4(Ro114 + R3114) Eu,

hence
e2(Ro112 + Ranz) = e1A = e3(Rouiz + Rzi13), €4(Ror1a + Rania) =0,
and finally
Ro112 + Rz + 2R113 = 0, (14)
Ro114 + R3114 = 0. (15)

The substitution (15) into (12) gives
Riss3Risso = —RonaRaiis = R3yp4 = Riggs,
and therefore Ryg93 = 0 or Ry330 = Rig93. However from (10) and (15)
Rig23 = 0= Ro114 = 0= R3114 = 0 = R332 =0

and

Riz30 = Ry293, (16)

holds anyway. By substitution (14) into (11) we get

(Ri234 + Ri324) Ri224 = (R2112 + R3113) Ro113 = —233113 = —23%224-
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Thus arise R1224 =0 or R1234 + R1324 = —2R1224. Slmllarly we use (10), (14), and
(13) for

Ri294 = 0= Rani3 = 0 = Rona + R3113 = 0 = Rigzs + Rizaa = 0,
and undoubtedly
Rig34 + Rizps = —2R1994 = —(Ri204 + Rizsa). (17)
Everything is ready for the final computation of Jg, g, E1.

NSNS Z ep(Ria2p + Ri2sp + Rizop + Rissp) B

p

= €1(Ro112 + R3113 + 2Ro113) E1 + €2( R332 — Ri223) o
+ e3(R1223 — Russ2) B3 + 4(Ri224 + Rigsa + Rioza + Rizoa) Ea

The equations (14), (16), and (17) finally gives Jg,+ g, £1 = 0, which completes the
proof. O

Of course, Osserman curvature tensor is zwei-stein and strong duality principle

holds in four-dimensional case.
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